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GROMOV-HAUSDORFF CONVERGENCE THEORY OF SURFACES
JIANXIN SUN, JIE ZHOU
Abstract. In this paper, we use the viewpoint of Gromov-Hausdorff convergence to give some new
comprehension of well known theorem,it is Huber’s classification theorem[9][1]for complete Riemannian
surfaces immersed in Rn with finite total curvature(
∫
Σ
|A|2 < +∞) it depend heavily on Mu¨ller and
Sˇvera´k’s Hardy-estimate[1] for the curvature form of surfaces immersed in Rn with finite total curvature.
1. Introduction
Let F : Σ→ Rn be an immersion of the surface Σ in Rn. The total curvature of F is defined by∫
Σ
|A|2dµg,
where A is the second fundamental form and g = dF ⊗dF is the induced metric. There are many results
about the Lp(p ≥ 2) norm of the second fundamental form.
In general, just as it is done in [12], for extrinsic surface, the standard viewpoint is to regard the
surface as the graph over its tangent space, and the convergence is in the meaning of graph.In[12], Langer
first proved surfaces with ‖A‖Lp ≤ C(p > 2) are locally C
1-graphs over small balls(but with uniform
radius) of the tangent spaces and deduced the compactness of such surfaces in the sense of graphical
convergence. Recently, Breuning considered a higher dimensional generalization of Langer’s theorem in
[12]. He proved that an immersion f : Mn → Rn+l with bounded volume and
∫
M
|A|pdµg ≤ C(p > n)
is a C1,α-graph in a uniformly small ball for α < 1 − n
p
. This is a geometric analogue of the Sobolev
embedding W 2,p → C1,1−
n
p if we regard the second fundamental form as the “second derivative” of an
immersing mapping of submanifold.
But in the critical case p = 2, when taking a glimpse at the state of Leon Simon’s decomposition
theorem(Lemma 2.1 in [16]), one may not think that it is easy to establish a similar graphical theorem
as Langer did in [12]. In this critical case p = n = 2, Leon Simon proved a decomposition theorem [16,
lemma 2.1] which says a surface with bounded volume and sufficiently small total curvature is an almost
flat Lipschitz graph outside of some small topological disks. Using this and noticing the total curvature
is equal to the Willmore functional
∫
Σ
|H |2dµg up to a constant for a closed surface with fixed topology,
he got the existence of surfaces minimizing the Willmore functional.
Another important observation of immersing surfaces with finite total curvature is the compensated
compactness phenomenon obtained in [1]. In general, the total curvature only controls the L1-norm of
the Gaussian curvature
∫
Σ |K|dµg. But under the condition∫
|A|2 ≤ 4piε,
Mu¨ller and Sˇvera´k estimated the Hardy norm of ∗Kdµg and solved the equation
−△v = ∗Kdµg
such that v ∈ L∞. Using this L∞-estimation of the metric, E.Kuwert, R. Scha¨tzle, Y.X. Li [19][17] and
T.Rivire [21] proved the compactness theorem of immersing maps f : Σg → R
n with Willmore functional
value
Will(f) < 8pi.
With the compactness theorem, they gave an alternate approach of existence of the Willmore minimizer,
see [20][22]. Their mainly observation is that the Willmore functional value will jump over the gap 8pi
as the complex structure diverges to the boundary of the moduli space Mg. And once the complex
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structure φk : Σk → Σg converges, they can regard fk ◦φk to be conformal and consider the convergence
of these mappings in weak W 2,2loc (Σ\S,R
n) topology.
Geometrically, the divergency of the complex structure means the collapsing of geodesics, which
changes the local topology(or area density) and contributes a gap to the Willmore functional value. To
use a geometric quantity to replace the convergence of the complex structure to rule out the collapsing
phenomenon, we cite the width of (Ωa, g) observed by J.Y.Chern and Y.X.Li in [5].
For example, for Huber’s classification theorem of the complex structure of complete immersed surface
in Rn with finite total curvature, it is well known that the diffeomorphic structure of such surface is of
the type Σg\{p1, p2, ...pl}. So the local complex structure of Σ around each pi is either parabolic or
hyperbolic, i.e. BΣri(pi)\{pi} is conformal to Ωa = {z ∈ C|a < |z| ≤ 1} for some a ≥ 0. The goal is to
exclude the hyperbolic case a > 0.
The starting point is the lower bound of the width of (Ωa, g) observed by J.Y.Chern and Y.X.Li in
[5]. They use Mu¨ller and Sˇvera´k’s Hardy-estimate to reduce the extrinsic condition
∫
Σ |A|
2 < +∞ to
the intrinsic condition l0(g) > 0 (positive width), which intuitively means the positivity of the injective
radius of the complete metric (Ωa, g) near the infinite boundary(lemma 3.6). So the viewpoint of Gromov-
Hausdorff convergence works. And we will prove, when looked from infinite(in the meaning of Gromov-
Hausdorff convergence), the annulus Ωa will be a cylinder, which means the capacity of Ωa will vanish
and contradicts to the hyperbolic assumption a > 0. To use Gromov-Hausdorff convergence theory, we
first consider the (intrinsic)flat case in section 3.1 and then,in section 3.2, use the L∞-estimate of new
radius in [23] to reduce the general (extrinsic)case to the flat case.
2. Preliminaries
2.1. Hardy estimate of Gauss curvature. We begin with Mu¨ller and Sˇvera´k’s Hardy-estimate[1]
for the curvature form of a surface Σ immersed in Rn with total curvature
∫
Σ |A|
2
dµg small. Roughly
speaking, for F : Σ → Rn an immersed Riemannian surface equipped with the induced metric, they
consider the Gauss map G : Σ→ CPn−1, locally defined by G(p) = [ e1(p)+
√−1e2(p)
2 ], where {e1(p), e2(p)}
are orthonormal basis of Σ at the point p. When noting that the Ka¨ller form ω over the complex
projection space CPn−1, which has the algebraic structure of determinant when transgressed to the total
space S2n−1 of the Hopf fibration, is the “classification form”of Gauss curvature, i.e.
G∗ω = Kdµg = Kω1 ∧ ω2,
where Kdµg is the Gauss curvature form of Σ, they can estimate the Hardy norm of the curvature form
using the results of Coifman, Meyer, Lions and Semmes[2](see also [3]). Moreover, when noting that
in dimension two, the fundamental solution belongs to BMO, the dual of Hardy space (Fefferman and
Stein [7]), one can solve the Dirichlet problem with the curvature form as density over the whole complex
plane C. More precisely, they have the following theorem:
Theorem 2.1. For 0 < ε < 1. Assume ϕ ∈W 1,20 (C,CP
n) satisfies
∫
C
ϕ∗ω = 0 and that
∫
C
|Dϕ∧Dϕ| ≤
2piε. Then ∗ϕ∗ω ∈ H1(C) with ‖ϕ∗ω‖H1 ≤ c1C(n, ε)‖Dϕ‖2L2 , where C(n, ε) = 1 +
4n2(1−ε 1n )
(1−ε)2 . Moreover,
the equation △u = ∗ϕ∗ω admits a unique solution u0 : C→ R which is continuous and satisfies:
lim
z→∞
u0(z) = 0,
and ∫
C
|D2u0|+ {
∫
C
|Du0|
2
}
1
2 +max
z∈C
|u0|(z) ≤ c2‖ϕ
∗ω‖H1 ≤ c3C(n, ε)‖Dϕ‖
2
L2,
where c1, c2 and c3 are constants independent of n and ε, which will be denoted as a same notation c in
the following text.
2.2. Capacity.
Definition 2.2 (Capacity). Assume Ω is a domain in C with smooth boundary Γ1 and Γ2 and g is a
Riemannian metric on Ω. Then the capacity of (Ω,Γ1,Γ2) for the conformal class [g] is defined by
Cap[g](Ω) = inf
u|Γ1=1,andu|Γ2=0
{
∫
Ω
|∇gu|
2dµg| u ∈ W
1,2(Ω)}
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Remark 2.3. Capacity does not depend on the choice of metrics in a fixed conformal class. So, we will
always take the canonical metric g0 = |dz|
2 on Ω and define Cap(Ω) = Cap[g0](Ω).
Lemma 2.4. The capacity Cap(Ω) (i.e. the minimum of the functional I(u) =
∫
Ω
|∇u|
2
on X = {u ∈
W 1,2(Ω)|u = χΓ1 on ∂Ω = Γ1 ∪ Γ2} ) is achieved by the unique harmonic function which solve the
Dirichlet problem △u = 0 in Ω, u = 1 on Γ1 and u = 0 on Γ2.
Proof. By classical variational argument. 
Example 2.5. Define Ωa = D \Da,a ∈ (0, 1) where Da = {z ∈ C|0 ≤ z ≤ a} and D = {z ∈ C|0 ≤ z ≤
1}. Then Cap(Ωa) = −2pi log a.
Proof. W.L.O.G.,choose the canonical metric g = |dz|2 on Ωa and solve the the Laplace equation△u = 0
in Ωa, u = 0 on Γ2 = {z||z| = 1}, u = 0 on Γ1 = Γa = {z||z| = a} we get
u0(x, y) =
1
log a
log(
√
x2 + y2), ∀(x, y) ∈ Ωa
hence Cap(Ωa) =
∫
a≤|z|≤1 |∇u0|
2dx ∧ dy = −2pi/ log a > 0. 
3. Convergence view of Huber’s theorem
3.1. Flat case. In this section, we define Ω(a,b] = {z ∈ C|0 < a < |z| ≤ b}, Ωa = Ω(a,1] and use
H := {γ : S1 → Ωa|γ piecewise smooth with [γ] 6= 0}
to denote the set of piecewise smooth homotopic nontrivial closed curves in Ωa. Assume g is a Riemannian
metric on Ωa, we define the width of (Ωa, g) by
l0(g) := inf
γ∈H
Lg(γ),
where Lg is the length functional. The goal is to prove the following intrinsic theorem of the nonexistence
of flat complete metric with positive width on an annulus.
Theorem 3.1. Any flat metric with positive width on the annulus Ωa can not be complete.
The whole plan is a contradiction argument, so we begin with the assumption that g = e2u|dz|2 is a
flat complete metric on Ωa with positive width.
Lemma 3.2. If g is a complete metric on Ωa, then the volume of Ωa under the metric g is µg(Ωa) = +∞.
Proof. If not, i.e. µg(Ωa) < +∞. Take a homotopic nontrivial simple closed curve γ : S
1 → Ωa and let
η(x) =
{
dg(x, γ), x between Γa and γ(denote as x ∈ Ω
γ
a),
0, x between γ and Γ1(denote as x /∈ Ω
γ
a).
especially, when choose γ as an embedded closed curve in Ω,then η is a distance function in Ωγa, i.e.
|∇gη|g = 1 a.e. in Ω
γ
a.
Notice that for a cut function β ∈ C∞(R) s.t.
β =
{
0, on (−∞, ε),
1, on (A− ε,+∞).
and
|β′(t)| ≤
2
A
let ηA = β ◦ η. Then
|∇gη
A(x)| = |β′(η(x))||(∇gη)(x)| ≤
2
A
.
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Observe ηA|Γ1 = 0 and g complete guarantees limitx→Γa η(x) = +∞ which implies η
A|Γa = 1 for any
fixed A ∈ R.By the definition of capacity we know
Cap(Ωa) ≤
∫
Ωa
|∇gη
A|
2
dµg ≤
∫
Ωa
|
2
A
|
2
dµg =
4
A2
µg(Ωa)→ 0
as A → +∞ since µ(Ωa) < +∞. So we get Cap(Ωa) = 0 which contradicts to the fact Cap(Ωa) =
−2pi/ log a. 
Now, consider the conformal metric g˜(z) = g(z)|z|
2λ
, then g˜ is also a flat complete metric on Ωa
since |z|
2λ
≥ |a|
2λ
and λ log |z| is harmonic in Ωa.Furthermore, let Lg˜(γ) =
∫ 1
0 |γ˙(t)|g˜dt be the length
functional corresponding to the metric g˜, then
l˜0 := inf
γ∈H
Lg˜(γ) ≥ |a|
2λ
inf
γ∈H
Lg(γ) = |a|
2λ
l0 > 0
and
l˜1−ε := Lg˜(Γ1−ε) =
∫ 2pi
0
(1 − ε)
2λ
|γ˙|gdt = (1 − ε)
2λ
l1−ε
where l1−ε := Lg(Γ1−ε). So we have
0 < l˜0 < (1 − ε)
2λ
l1−ε (∗)
Now, take a minimal sequence (γk, pk) of Lg˜ such that [γk] 6= 0, pk ∈ Imγklim
k→∞
Lg˜(γk) = inf
γ∈H
Lg˜(γ) = l˜0
and we get the following two lemmas.
Lemma 3.3. Take notations as above, then ∃M large enough such that for λ > M ,
pk 9 Γ1
Proof. If not, assume pk → Γ1, then for k large enough, pk ∈ Ω1− 1
2
ε.
If for infinite k, Imγk ⊆ Ω¯1− 1
2
ε, then for these k
l(γk) =
∫ 2pi
0
|z|
2λ
|γ˙k|gdt ≥
(
1− 12ε
)2λ ∫ 2pi
0
|γ˙k|gdt ≥
(
1− 12ε
)2λ
l0
let k → +∞ we get
l˜0 = lim
k→∞
l(γk) ≥
(
1− 12ε
)2λ
l0
so
(∗) =⇒
(
1− 12ε
)2λ
l0 ≤ (1 − ε)
2λ
l1−ε
=⇒ λ ≤Mε :=
ln(l1−ε/l0)
2 ln((1− 12ε)/(1− ε))
(> 0 for ε small)
Otherwise, for infinite k, Imγk∩Γ1− 1
2
ε 6= ∅, but γk(0) = pk ∈ Ω1− 1
2
ε, so there exists a first tk ∈ [0, 2pi]
such that qk = γk(tk) ∈ Γ1− 1
2
ε and hence
Lg˜(γk) ≥
∫ tk
0
|γ˙k|g˜dt ≥
∫ tk
0
(1− 12ε)
2λ
|γ˙k|gdt ≥ (1−
1
2ε)
2λ
d(pk, qk)
let k → +∞and note pk → Γ1, we get
l˜0 ≥ (1−
1
2ε)
2λ
d1− 1
2
ε
where d1− 1
2
ε := dg(Γ1− 1
2
ε,Γ1). Again by (∗) we get
λ ≤ Nε :=
ln(l1−ε/d1− 1
2
ε)
2 ln((1− 12ε)/(1− ε))
(> 0 for ε small)
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So if we take M =Mε +Nε + 1 which is independent on λ, then for λ ≥M ,
pk 9 Γ1

Lemma 3.4. Take notations as above, and assume ∀qk → Γa, injg˜(qk) → +∞, then ∃M large enough
such that for λ > M ,
pk 9 Γa
Proof. If not, pk → Γa, then dg˜(pk,Γ1)→ +∞ since g˜ is complete, so we could assume pk ∈ D(a,1−ε) =
{z ∈ Ω|a < |z| < 1− ε} with out loss of generality.
Claim: under the condition λ ≥M = Nε, we have injg˜(pk) is less than dg˜(pk,Γ1) and hence is realized
by a geodesic loop γ˜k with Lg˜(γ˜k) ≤ Lg˜(γk) (as a result, Lg˜(γ˜k)→ l˜0).
In fact, it is enough to prove that for any γ ∈ H with γ(0) = pk, if ∃t1 ∈ [0, 2pi] such that γ(t1) ∈ Γ1,
then there exists a shorter γ˜ ∈ H such that γ˜(0) = pk and Imγ˜ ∩ Γ1 = ∅. To find such γ˜, we note{
γ(0) = γ(1) = pk ∈ D(a,1−ε)
γ(t1) ∈ Γ1
=⇒ there exist the minimal t2 ∈ [0, t1] and then the maximal t3 ∈ [0, t2] such that γ(t2) ∈ Γ1− 1
2
ε and
A := γ(t3) ∈ Γ1−ε, the maximal t′2 ∈ [t1, 2pi] and then the minimal t
′
3 ∈ [t
′
2, 2pi] such that γ(t
′
2) ∈ Γ1− 1
2
ε
and B := γ(t′3) ∈ Γ1−ε. let
γ˜(t) =
{
γ(t), t ∈ [0, t3] ∪ [t
′
3, 2pi]
A˜B(the clockwise arc on the circle Γε joining A and B), t ∈ [t3, t
′
3]
then Imγ˜ ∩ Γ1 = ∅, γ˜ ∈ H (since [pkA˜Bpk] + [pkB˜Apk] = [ABA] = [S
1] 6= 0, we may change A˜B to B˜A
if necessary to guarantee [γ˜] 6= 0) and
Lg˜(γ)− Lg˜(γ˜) ≥ d˜(A, γ(t1))− Lg˜(Γ1−ε) ≥ d˜(Γ1− 1
2
ε,Γ1)− Lg˜(Γ1−ε) > 0
where we use the condition λ > Nε in the last step. In fact, if d˜(Γ1− 1
2
ε,Γ1)− Lg˜(Γ1−ε) ≤ 0, then
(1− ε)2λl1−ε ≥ l˜1−ε = Lg˜(Γ1−ε) ≥ d˜(Γ1− 1
2
ε,Γ1) ≥ (1−
1
2
ε)2λd1− 1
2
ε,
i.e. λ ≤ Nε. we find the γ˜ and prove the claim.
Now, minimize the pointed class Hk := {[γ] 6= 0|γ(0) = γ(1) = pk} and we get a geodesic loop γ˜k
which realizes 2 injg˜(pk) = Lg˜(γ˜k). So, injg˜(pk)→
1
2 l˜0 < +∞ as k→∞—A contradiction! 
Remark 3.5. During the proof, we see that injg˜(p) could be realized by a homotopic nontrivial geodesic
loop if λ > Nε and p ∈ D(a,1−ε) although (Ωa, g˜) is a complete manifold with boundary.
The following conclusion of the two lemmas above means, somehow, the complex structure of a com-
plete annulus with positive width could control its injective radius.
Lemma 3.6. Assume g is a fixed flat complete metric with positive width on Ωa, then the modified metric
g˜(z) = |z|
2λ
g(z) is also flat and complete. Moreover, there exists a constant M > 0, such that for any
λ ≥M , one of the following happens:
(a) ∀qk → Γa, injg˜(qk)→ +∞. In this case, for any mimimal sequence γk of Lg˜, there exists a compact
set K ⊂⊂ Ω with K ∩ Γ1 = ∅ such that Imγk ⊂ K for k large enough;
(b) ∃pk → Γa, injg˜(pk)→
1
2 l˜0.
Proof. Add all the lemmas above together. 
Proof of Theorem 3.1. Assume there is a flat complete metric g = df ⊗ df = e2u|dz|2 for some conformal
immersion f ∈W 2,2conf,loc(Ωa) on Ωa and take notations as before.
On the one hand, if case (a) happens in the last lemma, then to minimizing Lg˜ in H is equal to
minimize it in the subset HK = {γ ∈ H |Imγ ⊂ K}. But then Cartan’s existence theorem of closed
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geodesics[6, sec. 12.2] implicates that there exists a closed geodesic γ : S1 → K ⊂⊂ Ω (investigate the
proof of Cartan’s theorem and note the compactness of K works when using Arzela−Ascoli Lemma).
Now, as in Lemma 3.2, we let
η(x) =
{
dg˜(x, γ), x between Γa and γ(denote as x ∈ Ωγ),
0, x between γ and Γ1(denote as x /∈ Ωγ).
and β, ηA as before, then by using Fermi’s coordinate(see the second remark below) corresponding to
the normal exponential map of the geodesic submanifold γ, we get
Cap(Ωa) ≤
∫
Ωa
|∇gη
A|
2
dµg ≤
∫ A−ε
ε
∫ 2pi
0
|
2
A
|
2
Cdsdt =
4C(A− 2ε)Lg˜(γ)
A2
.
Let A→ +∞, then we have Cap(Ωa) = 0, a contradiction!
On the other hand, if case (b) happens in the last lemma, consider the sequence of flat complete
pointed manifolds {(Ωk := Ωa, gk := g˜, pk)}
∞
k=1. Take p
′
k ∈ Ω
pk
a := {z ∈ C|a < |z| ≤ |pk|} such that
injg˜(p
′
k) = infp∈Ωpka injg˜(p), then p
′
k → Γa. Furthermore, by the remark after lemma 3.4, there exist
γk ∈ H such that injg˜(p
′
k) =
1
2Lg˜(γk). Then by definition of l˜0, we have
1
2
l˜0 ≤
1
2
lim inf
k→∞
Lf˜ (γk) = lim inf
k→∞
injg˜(p
′
k) ≤ lim sup
k→∞
injg˜(pk) =
1
2
l˜0,
i.e. limk→∞ injg˜(p
′
k) =
1
2 l˜0. So, W.L.O.G. we may assume pk = p
′
k. Thus the sequence of pointed
flat(hence Einstein) complete manifolds {(Ωk := Ω
1
2
pk
a , gk := g˜,
1
2pk)}
∞
k=1 have injective radius uniformly
bounded from below by 14 l˜0 hence converges[10, sec. 10.4, 10.5](see also Anderson’s original article [?]) to
a limit flat complete manifold(without boundary) (Σ∞, g∞, p) smoothly when passing to a subsequence.
i.e. there exist local diffeomorphisms fk : (Σ∞, p) → (Ωk ⊂ Ωa, pk) with f∗k (gk|Ωk) → g∞ smoothly
on compact subsets of Σ∞. So, by the well known uniformization theorem for Riemannian surface,
(Σ∞, g∞, p) = R2, S1 × R or S1 × S1. But we also have injg˜(pk) →
1
2 l˜0 < +∞, so there exist geodesic
loops at{pk}
∞
k=1 such that {
γk(0) = pk
Lg˜(γk)→ l˜0.
Let γ∞k (t) := f
−1
k (γk(t)), then γ
∞
k (t) converges to a geodesic loop γ
∞(t) on Σ∞ with Lg∞(γ
∞) = l˜0 < +∞
and so Σ∞ 6= R2. It could also not be the compact manifold S1 × S1 since noncompact manifolds do not
converges to compact manifold, so Σ∞ must be S1 × R.
Choose a closed circle(geodesic) S1 on Σ∞ and define
η(x) =
{
dg∞(x, γ), x at one side of S
1
0, x at the other side of S1.
For ∀δ > 0, choose β, ηA and A large enough as before, we get∫
Σ∞
|∇g∞η
A|
2
g∞
dµ∞ < δ
Now, let ηAk := η
A ◦ f−1k , then for hk := f
∗
k g˜, we have
|∇hkη
A|hk = |∇g˜η
A
k |g˜
and hence ∫
Ωka
|∇g˜η
A
k |
2
g˜
dµk ≤
∫
Σ∞
|∇hkη
A|
2
hk
dµk →
∫
Σ∞
|∇g∞η
A|
2
g∞
dµ∞ < δ.
So, for k large enough,
Cap(Ω) ≤
∫
Ωka
|∇g˜η
A
k |
2
g˜
dµk ≤
∫
Σ∞
|∇g∞η
A|
2
g∞
dµ∞ + δ ≤ 2δ.
thus Cap(Ω) = 0, again a contradiction! 
GROMOV-HAUSDORFF CONVERGENCE THEORY OF SURFACES 7
Remark 3.7. To get the volume form under the Fermi’s coordinate corresponding to γ, we should solve
Jacobi’s equation 
J ′′ +R(σ˙, J)σ˙ = 0
J ′(0) +Aσ˙(0)(J ′(0)) ⊥ TN
J(0) ∈ TN
where A is the Weingarten’s transform of the submanifold N and σ is a geodesic perpendicular to N .
In the case N is a geodesic on a surface, the Weingarten’s transform vanishes. So when just consider
those Jacobi fields perpendicular to the chosen geodesic σ with initial velocity J ′(0) ⊥ σ˙(0), the equation
becomes to 
J ′′ +R(σ˙, J)σ˙ = 0
J ′(0) = 0
J(0) = Cγ′(0)
whose unique solution satisfying |J(t)|g˜ ≡ C. In all, the volume form under the Fermi’s coordinate is
volg˜ = Cdsdt.
3.2. General case. Now, it is possible to prove Huber’s theorem[9]. The key point is the next lemma
observed by Jingyi Chern and Yuxiang Li in [5], which reduces the extrinsic condition
∫
Σ
|A|2 < ∞ to
the intrinsic condition l0(g) > 0.
Lemma 3.8. Assume g = df ⊗ df = e2u|dz|2 for some conformal immersion f ∈ W 2,2conf,loc(Ωa) is a
complete metric on Ωa and consider the length functional Lg on H, then
l0 := inf
γ∈H
Lg(γ) > 0
Proof. See [5, prop. 3.4] 
Theorem 3.9. Assume Σ is a complete surface immersed in Rn with finite total curvature
∫
Σ
|A|2dµg <
∞, then Σ is conformally equivalent to a compact Riemannian surface with finitely many points deleted.
Proof. By the theorem from differential topology , Σ is diffeomorphic to Σg\{p1, p2 . . . pm} for some
compact surface Σg with genus g. Around each pi, the complex structure of Σ is either D1\{0} or
Ωa(a > 0). We just need to rule out the latter one.
If it is in the latter case, then there exists a small punctured neighborhood B˚(pi) of pi in Σg such that∫
B˚(pi)
|A|2dµg = ε1 ≪ 1 and a conformal parametrization f : Ωa → B˚(pi) ⊂ Σ# R
n. So, by lemma 3.8,
l0(g) = inf
γ∈H
Lg(γ) > 0.
Set g = df ⊗ df = e2ug0 and let ϕ = G ◦ f : Ωa → CP
n−1 be the representation of Gauss map under the
conformal coordinate f , then
−△u = Ke2u = ∗ϕ∗ω in Ωa and
∫
Ωa
|Dϕ|2 =
∫
B˚(pi)
|A|2dνg ≪ 1.
Since CPn−1 is compact, we can extend ϕ to ϕ˜ ∈W 1,2(D1,CPn−1) such that∫
D1
|Dϕ˜ ∧Dϕ˜| ≤
1
4
∫
D1
|Dϕ˜|2 ≤ C(a)
∫
Ωa
|Dϕ|2 ≤ piε≪ 1.
As in lemma ??, let
ϕ¯(z) =
{
ϕ˜(z), z ∈ D1,
ϕ˜(1
z¯
), z ∈ D∗1 = {z||z| ≥ 1},
then by theorem 2.1, there exists a bounded continuous function u0 solving the equation −△u0 = ∗ϕ¯
∗ω
on C such that limz→∞ u0(z) = 0. Let h = u− u0, then g1 := e2hg0 is a flat complete metric on Ωa with
l0(g1) := inf
γ∈H
Lg1(γ) ≥ e
minu0 inf
γ∈H
Lg(γ) ≥ e
−Cl0(g) > 0,
since u0 is bounded and △h = 0. This contradicts to theorem 3.1. 
8 JIANXIN SUN, JIE ZHOU
References
[1] S.Mu¨ller &V.Sˇvera´k. On surface of finite total curvature, J.Differential Geometry 26(1995).
[2] R.Coifman &P.L.Lions, Y.Meyer, S.Semmes. Compensated compactness and Hardy spaces, J.Math. Pures Appl.
72(1993)247-286.
[3] S.Mu¨ller. Higher integrability of determinants and weak convergence in L1, J.Reine Angew. Math. 412(1990)20-34.
[4] S.S.Chern. An elementary proof of the existence of isothermal parameters of surface, Proc. Amer.Math.Soc. 6(1995)771-
782.
[5] Jingyi Chern&Yuxiang Li. Extendability of conformal structures on punctured surfaces, preprint.
[6] M.P. do Carmo. Riemannian Geometry,Springer,1992.
[7] C.Fefferman&E.M.Stein. Hp Spaces of several variables, Acta Math. 129(1972)137-193.
[8] F.He´lein. Harmonic maps, Conservation laws and moving frames(Second Edition), Cambridge University Press,2003.
[9] A.Huber. On subharmonic functions and differential geometry in the large, Comment. Math. Helv. 32(1957)181-206.
[10] P.Peterson. Riemannian Geometry, Springer,2006.
[11] E.M.Stein. Harmonic Analysis, Princeton University Press,1993.
[12] J.Langer. A Compactness Theorem for surfaces with Lp-Bounded Foundamental Form, Math.Ann.270(1985)223-234.
[13] Zhong Li. Introduction to Complex Analysis, Peking University Press,2004.
[14] J.Cheeger. Finiteness theorems for Riemannian manifolds, Am.J.Math. 92(1970)61-75.
[15] E. Kuwert& R.Scha¨tzle. Removability of Point Singularities of Willmore Surfaces, Ann. of Math. 160(2004)315-357.
[16] L.Simon. Existence of surfaces minimizing the Willmore functional, Commun. Anal. and Geom. 1(1993)281-326.
[17] E.Kuwert, Y.X.LiW 2,2-conformal immersions of a closed Riemann surface into Rn. Comm.anal.geom, 2012(2):313-340.
[18] E. Kuwert, R.Scha¨tzle Removability of point singularities of Willmore surfaces. Annals of Mathematics, 2004,
160(1):315-357.
[19] E.Kuwert, R. Scha¨tzle Closed surfaces with bounds on their Willmore energy. Annali Della Scuola Normale Superiore
Di Pisa Classe Di Scienze, 2012, 11(3):pgs. 605-634.
[20] E.Kuwert, R. Scha¨tzle. Minimizers of the Willmore functional under fixed conformal class. Journal of Differential
Geometry, 2012, 93(3):471-530.
[21] T.Rivie`re. Lipschitz conformal immersions from degenerating Riemann surfaces with L 2 -bounded second fundamental
forms. Advances in Calculus of Variations, 2013, 6(1):1-31.
[22] T.Rivie`re. Variational Principles for immersed Surfaces with L2-bounded Second Fundamental Form. Journal Fr Die
Reine Und Angewandte Mathematik, 2014, 2014(695):41-98.
[23] Jianxin Sun, Jie. Zhou. A Gromov-Hausdorff convergence theory of structure in Rn with small total curvature,
arXiv:1914.02590.
Jianxing Sun: Academy of Mathematics and Systems Science, CAS, Beijing 100190, P.R. China. Email:sunjianxin201008@126.com
Jie Zhou: Academy of Mathematics and Systems Science, CAS, Beijing 100190, P.R. China. Email:zhoujie2014@mails.ucas.ac.cn
